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1. Introduction and Preliminaries

Intuitionistic sets and intuitionistic points were
introduced by D.Coker [2] in 1996. This concept was
originated from the study of Zadeh [9] who introduced
intuitionistic fuzzy set in the year 1965. Intuitionistic set
concept is the discrete form of intuitionistic fuzzy set and it
isalso one of several ways of introducing vagueness in
mathematical objects. In 2000, Coker [3] also introduced the
concept of intuitionistic topological spaces with intutionistic
sets, and investigated basic properties of continuous functions
and compactness. In this paper, we follow the suggestion
of  Garcia and Rodabaugh [5] and we adopt the term "
double set" for the intuitionistic set and "double topology"
for the intuitionistic topology of Coker,

In continuation of Coker’s study , Gnanamballlango and
Girija [6] have given some results on intuitionistic semi open
sets. The aim of this paper is to introduce double semi-open sets
with respect to double grill, introduce by Rajeswari in“2017.

Definition 1.1. [2] Let X be a nonempty fixed set. A double set
(DS for short) A is an object having the form A=
< X, A', A?%>, where A and A2 are subsets'of X satisfying
A N A% = @. Theset At is called the set of members of A, while
A? is called the set of non members of A. The collection of set
of all double subsets,of the set X is denoted as DSP(X).

Definition 1.2. [2] Let X be a nonempty set, A
= < X, A!, A?>andB=< X, B!, B%>he a double sets on X
and let {4;: i €J } be anarbitrary family of double sets in X,
where A= < X, A}, A?>. Then

(@) A cBif and only if A'cB'and B?SA%.

(b) A=Bifand only if A €B and B €A.

(U A=<X,UAl, nA?>,

(d)nA4; =<X, NnA}, U A4?%>.

@)X =<X, X, 0>.

(H B =<X,0,X>.

(g) A=< X, A?%, Al>

(hhA-B=AnB".

Definition 1.3. [2] Let X be a nonempty setand p € X be a
fixed element in X. Then p = <X, {p}, {p}¢> is called a double
point (DP for short)in X.

Definition 1.4. [3] A double topology (DT for short) ona non-
emptyset X is a family t of double sets in X satisfying the
following axioms:
(T,) 8, X € 1.
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(T,) G, n G, exforany G,, G, € .

(Ts) U G; €.« for any arbitrary family {G;: i €J }< 7 . In this
case the pair ( X, t) is called @ double topological space (DTS
for short) and any DS in 7 is known as a double open set (DOS
for short) in X.

Definition 1.5. [3] The complement A of a DOS A in a double
topological space (X, z) is called a double closed set (DCS for
short) in X.

Definition 1.6. [3] Let (X, 7) be:a double topological space and
A=< X, A, A?>Dbe adouble setin X. Then the interior and
closure of A are defined by Dint(A) = U{G : G isa DOS
in Xand G.c A} and DCI(A) = n{K:KisDCSinXand A
CK}.

Definition 1.7. [7] A subcollection D, (not containing the empty
set) of DSP(X) is called a double grill or D-grill on X
if D,satisfies the following conditions:

(i) AED,yand A =B <X implies B € D,.

(i) A, B =X and AU B € D, implies that either A € D, or B
€D,.

Definition 1.8. [7] Let (X, ) be a double topological space
and Dgybe a double grill on X. We define a mapping ®:
DSP(X) — DSP(X),denoted by d)Dg(A, T)(for A €
DSP(X)) or @y, (A) called the operator  associated with the
double grill D, and the double topology 7 and it is defined by
cDDg(A) ={ peX:AnUEeDyforall Ue t(p)}, where 7(p)
stands for the collection of all open neighbourhoods of 7.

Proposition 1.9. [7] Let (X, T) be a double topological space
and D, be adouble grill on X. Then for all A, BEX, the
following conditions hold:

(i) AcB < Ximplies thg(A) c thg(B)

(i) CDDg(A UB)= cDDg(A) U d)Dg(B), forany A,B cX.

(iii) ®p, (Pp,(A)) € Pp,(A) < DCI(A), forany A cX.

(iv) Forany D-grill Dy on X and any A € X, if A¢ D,

then @y, (A) = 8.

Definition 1.10.[6] A double set A of a double topological
space (X,t) is called double semi open (double semi closed) if
AcDcl(Dint(A) (resp.Dcl(Dint(A)) <A). The intersection
(union) of double semi closed (resp. double semi open) sets
containing (resp. contained in) a set A is called the double semi
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closure (resp. double semi interior) of A, and is denoted by
Dscl(A) (resp. Dsint(A)).

The set of all double semi open sets in a double topological
space X is denoted by DSO(X).

Definition 1.11.[8] Let D, be a double grill on a double
topological Space (X, 7). A double set A =X is called Dy-
open if A € Dint(®5_(A)). The complement of such a double
set is calledD,-closed.

2. Double Semi Open sets with respect to a Double Grill

Theorem 2.1. Let Dgbe a double grill on X. We define a map
Wp,: DS P(X) — DS P(X) by Y, (A=A
Udp (A), for all A eDS P(X).Then the map Yo is a
kuratowski’s operator.

Proof: Forany non-empty set A of X, if A & Dg,then Pp, (A)
=@. Since ¢ & Dgand ‘Vpg(@) =Qu d)Dg((D) = @. Obviously,
Angg(A) forall A ©X. Also \,/Dg(A UB) = (A UB)
U ®p (A UB) = (A UB)U dp (A) U Dy (B) = AU Dy (A)
uB U cng(B) = ng(A) u ‘Vz)g(B)' Again for any A
X, v, (¥, (A)) = iy (AU @, (A)) =AU Py (A) U dp(A
Udp (A)) = AUy (A) Uy (Pp (A)= A UDg (A)=S
Vo, (A).

As this operator ngsatisﬁes the conditionsof a kuratowski’s
operator and using this \ngfunction, we"can define a double
topology as below.

Definition 2.2. For a given<double topology( X, <) and
corresponding to a double grill Dg,there exists a unique double
topology Tpg (say) on X'is given by Tp, = {UEe
DSP(X): yp, (X /U) = X /U }where for any double set A of X,
Yp, (A) = AU Dg,(A) = Tp,-Del(A), where Tp,-Dcl(A) is the
closure of the.double set A with respect to the topology Tpg and
ng-DcI(A) is the intersection of all Tpg~ closed sets containing
A. Also ng—Dint(A) is the union of all Tpg-Open sets contained
in A.

Definition 2.3. A double set A of a D-grill topological space
(X, 1) is said to be double semi open.with'respect to the D-grill
D, or simply Dg-semi open if Ac ng(Dint(A)). The
complement of a D,- semi open set is called a Dg- semi closed
set.

Remark 2.4. Every D -semi open set is double semi open.
Infact, let A be Dg- semi open in (X,t). Then A
S Yp, (Dint(A)) = Dint(A) U @y, (Dint(A))< Dint(A) U
(Dcl(Dint(A))= Dcl(Dint(A). Therefore A is double semi open.
But the converse is not be true. This is justified in Example 2.5.
Example 2.5. Let X = {ab,c}, 1 = {@, X< X, {b}.{a.c}>,
<X, {c}{ab}>, <X, {b,c}, {a}>} be a double topology on X
and Dy = { < X, {a},{b,c}>, < X, {a},{b}>, <
X {a}{c}> <X {ab}{c}><X{ac}{b}> <X{a}0> <X,
{a,b},0>, <X, {a,c},®>, X } be a D-grill on X.

Take A = < X, {a,c},{b}>.Then Dint(A) =
X, {c}{ab}> o, (Dint(A))= @ and Y, (DInt(A))
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X,{c}{a,b}>. Therefore < X, {a,c}{b}>< < X,
{c}.{a,b}>. Hence A is not D,- semi open. Also Dcl(Dint(A))
=< X, {a,c},{b}>. Hence A is double semi open.
Remark 2.6. The concepts of D,-semi open and
sets are independent of each other.

Example 2.7. Let X = {a,b,c}, 1= { 3, X, <X,
{a}.{b,c}>, <X,{b}, {a,c}>, <X, {a,b}, {c}>} be a double
topology on X and D, = { < X, {c}.{a,b}>, <X, {c}{b}>,
<X, {c}{a}>, <X, {a,c}.{b}>, <X, {b,c}{a}>, <X,{a,c},0>,
<X,{b,c},0>, <X, {c},@>, X } be a D-grill on X.

Suppose A = < X, {ab}{c}>. Then @ (A) = @ and
Dint(@Dg(A)) = @, s0 Ais not Dg-open. Now Dint(A) =<X,
{a,b},{c}>and cI)Dg(Dint(A)) =@, so that lIJDg(Dint(A)) =< X,
{a,b},{c}>}. Hence A is D,- semi open.

Example 2.8. Consider the double topological space (X, 1)
where X.= {ab,c} and t = { @, X,< X, {a}.{b,c}>, <X.{b,c},
{a}>}be a double topology on X and Dg={<X,
{ak{b.c}> <X, {c}{ap}> sx{a}.{b}> <
X, {a}.{c}> < X, {a,b}{c}>, <X {ach{b}> <X,
{c}{a}> <X {ch{b}>, <X {b.c}{a}> <X, {a}.0>,
<X, {a,b},0>, <X, {a,c},0>, <X, {b,c},0> <X,
{c}.0>, X}bea  D-grill on X.

Suppose A = < X, {a,c},{b}>. Then @;,_(A) =X and
Dint(CDDg(A)) =X. Hence A is D,-open. Again

Dint(A). = <X,{a},{b,c}> and <I>Dg(Dint(A)) = <
X,{a}.{b,c}> and lIJDg(Dint(A)) =< X, {a}.{b,c}>z A. Hence
A is not Dg-semi open.

Dg-0pen

Theorem 2.9. Let (X, 1) be a double topological space and D,
be a D-grill'on X. Then a double set A of X is Dg -
semi open if and only if\yDg(A) = ng(Dint(A)).

Proof: Let A beDg-semiopen. Then A < \yDg(Dint(A))
impliestg(A) c ng(\yDg(Dint(A))): ng(Dint(A)) c wgg(A)
impliestg(A) = \VDg(Dint(A)). The converse is trivial.

Theorem 2.10. Let (X, t) be a double topological space and D,

be a D-grill on X. If a double set A of X is Dyg-
semiclosed, then Dint(\uDg(A)) cA.

Proof: Suppose A is Dg-semi closed. Then, X\A is Dyg-
semi open and hence X\ A < \yDg(Dint(X \ A) c
Dcl(Dint(X \ A)) = X \ Dint(Dcl(A)) c X\

Dint(\yDg(A)) implies Dint(\yDg(A)) cA

Remark 2.11. The converse of Theorem 2.10 is not true. This
is Justified with Example 2.12.

Example 2.12. Consider the double topological space (X, T),
where X = {a,b,c}andt={ 3, X, <X, {a}.{b,c}>,
<X,{b,c},{a}>} be a double topology on X and D, ={< X,

{a}{bc}> <X {a}{b}>, <X, {ap{c}> <X
{a,b}.{c}>< X, {a,c}.{b}>, <X, {a},0>, <X, {a,b},0>,
<X, {a,c},@>, X}bea D-grill on X.

Suppose A = < X, {a,c}{b}>. Then ®p,(A) = <
X, {a}{b.c}> and y,, (A) = < X, {ac}{b}>. That implies
Dint(y, (A)) = < X, {a}.{b.c}>. Therefore Dint(y,, (A)) € A.
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But X \ A is not Dg-semi open. Therefore A is not Dg-semi
closed.

Theorem 2.13. Let (X, t) be a double topological space Withg
D-grill D and A be a double set of X such that X
\ Dint(\yDg(A)) = ng(Dint(X \A)). Then A'is Dg-semi
closed if and only if Dint(\yDg(A)) cA

Proof: Let A be Dg-semi closed. By Theorem 2.10,
Dint(\ng(A)) cA.

Conversely, suppose that Dint(\yDg(A)) CA. Then
\AcX\ Dint(\yDg(A)) = w@g(Dint(X\A)) implies
\ A'is Dg-semi open. Hence A is Dg-semi closed.

X
X

Theorem 2.14. Let (X, t) be a double topological space and D,
be a D-grill on X. Then a double set A of X is Dg-semi open if

and only if there exists a U € t such that UcA
c \yDg(U).
Proof: Suppose A is Dg-semi open. Then A

c \yDg(Dint(A)). Take Dint(A) = U. Then U € A C ‘VDg(U)'
where U € t. Conversely, let U €A c \yDg(U), where U € T.
Now U < A implies U <Dint(A) and so ng(U) c
\uDg(Dint(A)) which implies Ac \yDg(Dint(A)).
Therefore A is Dg-semi open.

Theorem 2.15. Let (X, t) be a double topological space and D,
be a double grill on X. Let A and B be.double sets of X such
that AC B C ‘VDg(A)' If A 'is Dg-semi open, then'B is also D,-
semi open.

Proof: Let A be D,-semi opens Then there exists Ue
tsuch that U cAC \ng(U) impliesUSAcCBCc ‘VDg(A) c Vo,
(\yDg(U)) = \yDg(U).Therefore B is Dg-semi open.
Theorem 2.16. Let (X, t) be a double topological space and
D, be a D-grill on’X.

(@) If {Uq : a€ J} is a family of Dg-semi open sets, then
U{Uq : a €J }is Dg-semiopen.

(b) If A€ X is Dg-semiopen and U € T, then A NU isD,-
semiopen.

Proof: (a) Suppose Uis Dg-semiopen, for each o €J. Then

Uy € Y, (Dint(Uy)) foreach a € J implies U U, SU
lIJDg(Dint(Ua)) c l]JDg(Dint(U Ug)). Therefore u{U,:a €
J}is Dg-semi open.

(b) Let A be Dg-semi open and U € t. Then

Ac lIJDg(Dint(A)). NowANUY < lIJDg(Diﬂt(A)) nu =
(Dint(A) U @5, (Dint(A))N U= (Dint(A) NU) U(Pp, (Dint(A))
NU) € Dint(A NU)U @4, (Dint(A NU)) = g, (Dint(A NU)).
Therefore A N U is Dg-semi open.
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