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1. Introduction

B.M.Schein [1] considered systems of the form (X; o;/),
where X is a set of functions closed under the composition “0”
of functions (and hence (X; o) is a function semigroup) and the
set theoretic subtraction “/” (and hence (X;/) is a subtraction
algebra in the sense of [1]).Y.B.Jun et al[2] introduced<the
notation of ideals in subtraction algebras and discussed the
characterization of ideals.In[8], Y.B.Jun and #H.S.Kim
established the ideal generated by a set, and discussed related
results. The concept of fuzzy set was first initiated by Zadeh[7].
Narayanan et al.[5] defined the concept of .generalized fuzzy
ideals of near-rings.Mahalakshmi et al. [3] studied.the notation
of bi-ideals in near subtraction semigroups. Manikandan [4]
studied fuzzy bi-ideals in near-rings:

2.  Preliminaries

Definition: 2.1 A nonempty set X together with binary
operations ‘=" and is<Said to be subtraction algebra if it
satisfies the following:

(i) x~(y—x) = x.

(i) x~(x -y ) =¥~y - ).

(i) (x—y) -z = (x-2)-y,
for every x3y,ze X.

Definition:2.2 A nonempty set X together with two binary
operations > and ““#>*is said to be a subtraction semigroup if
it satisfies the following:

(i) (X,-)is a subtraction algebra.

(i) (X,e) is a semigroup.

(iii) X(y—z) = xy —xz and (X=y)z=x

forevery x,y ,z e X.
Definition:2.3 A non empty set X together with two binary
operations “‘—’’and¢ ‘s> ’is said to be a near subtraction
semigroup(right) if it satisfies the following:
(i) (X, -)isasubtraction algebra.
(if) (X, ) is asemigroup.
(iii) (x —y)z=xz -yz
for everyx,y,ze X.

It is clear that Ox = 0O, for all x € X. Similarly we can
define a left near- subtraction semigroup. Here after a near —
subtraction semigroup means only a right near-subtraction
semigroup.

Definition:2.4 A near subtraction semigroup X is said to be Zero
— symmetric if x0 = 0 for every x e X.
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Definition:2.5 A nonempty subset S of a subtraction semigroup
X is said to be a subalgebra/of X, if x-y €S, for allx;?yeS.
Definition:2.6 A nonempty subset S-of-a-near = subtraction
algebra X is said to be anear subtraction subsemigroupof X, if
x-y €S, xye S forallx,yeX.

Definition:2.7 Let (X, - .. ) be a near — subtraction semigroup.
A nonempty subset I of X is.called

(i), Aleftideal if Iisasubalgebraof(X,—) andxi—x(y-—i)
e forall x,y € Xand iel

(ii) A right ideal 1 is a subalgebraof(X , —) and IXc I.

(iii) An ideal of X if I is both left and right ideal of X.
Definition:2.8 A fuzzy subset p is called fuzzy ideal of X if it
satisfies the following conditions:

() p (x —y) = min {u(x) ,u(y) }
(i) p (X1 =x(y —1)) > p(i)
(@iif) p (xy) > w(x) forallx,y e X

Definition:2.9 A fuzzy subset p of X is said to be a
fuzzysubalgebra of X, ifx,ye X implies i ( x — y) > min {p(x)
() }

Definition: 2.10 A fuzzy subalgebra p of X is called a fuzzy bi-
ideal of X if
(i)

(i)

w(x—y)=min {u(x) ,u(y)}
n(xyz)=min {Wx),.uz) }

forallx,y,z e X

Example: Let X={0,a,b,c} in which ‘-’ and ‘e’are defined by

- |/0ja|b|c Ola|b]|c
o|0|0f0]0O 0/0|0|0]0
alalolala alajala]|a
clclecleclo c|0|0]0]cC
Then (X, —, . ) is a near subtraction semigroup. Let p: X—|

0, 1] be a fuzzy subset of X defined as u(0) =0.9 ,u(a) = 0.7
,u(b) = 0.6 and p(c) =0.4.Then p is a fuzzy bi-ideal of X.
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3. Anti-fuzzy bi-ideals

Definition: 3.1 A fuzzy subalgebra p of X is called a anti-
fuzzy bi-ideal of X if

(1) p (X —y) <max {u(x) 1Y) }
(i) p (x y z) < max {u(x) ,1(z) }
forallx,y,z e X.

Example: Let X = {0,a,b,c} in which ‘—” and ‘e’are defined by

- |0la|b]c . |0la|b|c
0O(o0|0|0]0O o(o(ofo|o0
ala|0|a]a a|0|b|0]b (XTEen
bbb |0|b b|0|0|0|O ) 'is ' é
clcl|c|c|O c|0|b]|0O|b near

subtraction semigroup. Let p: X—[ 0, 1] be a fuzzy subset
of X defined as p(0) = 0.6 ,u(a) = 0.7 ,)u(b) = p(c) =0.8.Then
p is an antifuzzy bi-ideal of X. But p is not a fuzzy bi-ideal
of X. Since p(0)=pw(b—b) £ min{u(b),u(b)}.

Definition: 3.12 A family of fuzzy set

{i / | eA} is a near-subtraction semigroup X, the union
Vi OF {1i/ ien}is defined by (Vo p; ) () =sup { i
x)/

i e A}for each x e X.
Definition:3.13 A family of fuzzy set

{wi / 1 eA} is a near-subtraction semigroup X, the
intersection  N;_,pi oft {wi L | eA}is defined by
(N ui) (X)=inf{ui (X) /1 ea}for each x € X.

Definition:3.14 Let f be a mapping from a set X to a set X'.
Let u andA be fuzzy subset of X and X', respectively. Then f(u
), the image of " under f is a subset of X’ defined by

f(u) =

Sup

Ef‘l(y) ,Ll (X), If f—l(y) * ¢

therwise, 0

And the pre-image of A under f.is the fuzzy subset defined by
f1(A(X)) = A(f(x)), for all xe€ X and.f2(y) = {xe X/ f(x) =y}.
Definitions: 3.15 A fuzzy bi-ideal 1 of a near subtraction
semigroup X is said to be normal if 1(0) =1.An anti-fuzzy bi-
ideal u of a near subtraction semigroup X is said to be complete
if it is normal and there exists z € X such that u (z) = 0.
Theorem:3.16

Let X be a near subtraction semigroup and p be a fuzzy set in
X. Then p is a fuzzy  bi-ideal in X iff p° is a anti-fuzzy bi-
ideal.

Forall x,y,z eX.
Proof:
(Dp(x-y)=1-p(x-y)
<1-min {p(x),u(y) }
=max{1l-pux), 1 -p@y)}
= max {p(x), n(y) }
~pe (X —y ) < max{ po(x), p(y) }
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(ip(xyz) =1-p(xyz)
<1 -min {u(x) ,1(2) }
= max{l - u(x),1-wz)}
= max {p°(x), u(z) }
~p(xyz ) < max{ p‘(x), p(z) }
Hence p is a anti-fuzzy bi-ideal in X.
Conversely assume that pcisa anti-fuzzy bi-ideal in X. For all
X,Y,Z2 €eX.
(M pu(x-y)=1-p(x-y)
=1 —max {p’(x) ,n°(y) }
=min{l - p(x) ,1-p(y) }
= min{ p(x), u(y) }
p(x —y) Zmin{ p(x)sp(y)
(iu(xyz) =1=p(xyz)
=1 —max {p(x) ,n°(2) }
= min{1- p(x) ,1- p(z) }
= min{ p(x), p(z) }
A xyz ) 2min{ w(x), pu(z).;
Hence pis a fuzzy bi<ideal in X.
Theorem:3.17
Let p be a fuzzy set in a near subtraction semigroup X.
Then pis a fuzzy bi-ideal.of X iff the upper level cut U(u;t)
of X isa bi-ideal of X for each t € [(0), 1].
Proof:
Let pis a fuzzy bi-ideal of X.Letx,y € U(u;t).Then
p(x )=tand p(y) >t
Now, p(x—=Yy) = min{ g(x), u(y) } =t=p(x-y) = tandso
x—-yeU(u;t).
Hence U(u ; t )'is a subalgebra of X.
Let x,z €U(u;t)andy € X.
Thenp(x/)=tandpu(z ) >t
Now w(xyz ) =min{ ux), Wz) } =t =>pu( xyz ) =t, and so
xyz € U(u;t).
Hence U(u ; t) is a bi-ideal of X.
Conversely assume that U(u ; t ) isa bi-ideal of X.To prove that
wis afuzzy bi-ideal of X.
Suppose pis not a fuzzy bi-ideal of X. Suppose x, y €X and
u(x —y) < min{ ux), w(y) }.Choose t such that u(x-y) <
t < min{ u(x), u(y)}.-Thenwe getx,y € U(u;t).
Butx —y & U(u;t).which is a contraction.
Hence p(X—y) = min{ p(x), p(y) } .
Suppose X, Y,z € X.u( xyz) < min{ W(x), Wz) }.
Choose t such that pu( xyz ) < t < min{ uw(x), w(z)}. Then we
getx,ze U(u;t).
But xyz & U(u ; t ).which is a contraction.
Hence p( xyz) = min{ p(x), wz) } .
Hence p is a fuzzy bi-ideal of X.
Theorem: 3.18
If {w/ ieA} is a family of fuzzy bi-ideals of a near
subtraction semigroup X.
Then N isa fuzzy bi-ideal.
Proof:
Let {u/ ieA} is a family of fuzzy bi-ideals of a near
subtraction semigroup X.
Let x,y,z € X.
DNgepp(x—y) =infipi (x—y) /i e}
>inf {min{pi(x), pity) /ieA}
=min{inf{ pi(x) /i eA}, inf{ui(y) /i e}y
{ Aieamd) () (Agepm) ) (V) 3

ien i

=min
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s Ny (X=Y)=min{ (A;epm) ) (X)
(Aigam) ) (V) }
(iDNeaps(xyz) =influi (xyz) /i eA}
>inf {min{pi(x), pi(z) /i eA}
=min{inf{ wi(x) /i eA},
inf{wi(z) /i €}}
=min { (Ajepp ) () ((Ajeap) (2) 3
niE/\l’l-i( XyZz )2 min {( /\ie/\ﬂi) (X) ’
(Aiepn) (2) 3
Hence - N;c,p; isafuzzy bi-ideal of X.
Theorem:3.19

Let p be a fuzzy bi ideal of a near subtraction semigroup X

and p” be a fuzzy set in X defined by
W(x)=p(x)+1-p(0)forall

X € X.Then p"is a fuzzy bi-ideal of X containing p.

Proof:

Let p be a fuzzy bi ideal of a near subtraction semigroup

X.Forany x,y e X.
(i) W (x—y)=p(x-y)+1-pn(0)
>min{ ux), p(y) } +1-p(0)
=min { ux) +1-p (0),
) H1-p(0)}
) =min {p (x),w (y)}
S (X —y)=min { i (x), 1 (Y)}
Forany x,y,z € X.

(i) p(xyz)=p(xyz)+1-p(0)
>min{ p(x), w(z) } +1-p (0)}
=min { p(x) +1—-p (0),

M@ 1 u(0)}
) =min { ' (x),n(2)}
St (xyz) =min { p" (x)p (2)}
Theorem:3.20

If pis a fuzzy bi ideal of a near subtraction semigroup

X, then(p)* ="

Proof:

For any x € X..\We have

(W) =p(X)+1-p*(0)
T (x)+1-p(0)]+

T=[u(0)+1-n(0)]
=[p(x) +*1=p(0) +1-pn(0)
+1=p(0)]

=p(x)+1-1(0)
= u

Therefore,(p*)* = p”

Theorem:3.21

Let f: X - X’ be a onto homomorphism of a near

subtraction semigroup X. Then we have that
(D)If X be a fuzzy bi-ideal of X', then
f1() is a fuzzy bi-ideal in X.
(2)If 1 be a fuzzy bi-ideal of X, then
f(Y) is a fuzzy bi-ideal in X".
Proof:
(1) Let A be a fuzzy bi-ideal of X’.
Letx,y,z €X.
O FH(M)(x —y) =21 (f(x —y))
= M) —1(y))
=min{} (f(x)).A (f(y)) }
=min {f7) (x), ) W}
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SFT(A) (X —y)=min
{2, T W}
@ii)f 1 (1) (xyz) = A(f(xy2))
= M f(x) f(y) f(2) )
=min{i (f(x)) A (f(2)) }
=min{f* ) (x),f* Q) @)}
~F 1 (A) (xyz )= min{ f1(A)(x),
1 )@}
Hence f -1(X) is a fuzzy bi-ideal of X.
(2) Let W be afuzzy bi-ideal of X.
Letyi, Y2, ys € X'.Then we have
{ x/xe fy1-yp3a2fxi—x: / xief 1(y1)
&xzef 1(y2) }
OF()(ya=y2)= Sup{p(X)/xe T *(y1-y2)}
=Sup { 1 (xa—Xp ) I X1ef (y1)&
xeef 1(y2)}

>Sup{min{ (x),14(%2 ) I Xaef *(y1)
&xef (y2)}
>min {Sup{ 1 (x1)/x1ef(y1)}&
Sup{ (x2 ) /x2ef*(y2)}
= min { f(l) (yo). f(L)AY2) }
Therefore () (y1- y2) =min{ f(u) (y1) ,

f() (v2) }
Lety:, y2,Ys € X'
(OF() (Yay2 ys) =Sup {ux)/
xe T (yiy2ys)}
=>Sup {H(X1x2x3 ) I x1€f 1(y1) &
xsef "(ys) }
=Sup {min{ p (x1),H(xs ) / X1 €f *(y1) &
xsef *(ys)}
>min {Sup{ p (x1)/x:ef *(y1)} &
Sup{ u(xs ) / x2 €f *(ys) }
=min { f() (y2) , f(1) (ys) }
~F () (Yay2ys) =min (1) (va) , f(1) (vs) }

Hence f(L) is a fuzzy bi-ideal in X".

Theorem:3.22

If p is normal anti-fuzzy bi —ideal of a near subtraction
semigroup X iff u'=p.
Proof:

The sufficient part is obivious.To prove the necessary
part, let us suppose that p is normal anti-fuzzy bi —ideal of a
near subtraction semigroup X. Let x e X.Since p is normal.
W) =p()+1-p(0)

=ux)+1-1
= (x)
Hence p" =p
Theorem:3.23

Let p be an anti-fuzzy bi-ideal of a near subtraction
semigroup X, and t be fixed element of X such that p (0) =
u (t). Define a fuzzy set pu'in X by
W(x) =L9-E O forallx e X.Then p* is normal anti-fuzzy

Co m-p(t . .
bi-ideal of a near subtraction semigroup X.

Proof:

Let pn be an anti-fuzzy bi-ideal of a near subtraction
semigroup X.
Foranyx,y € X.
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N - hx-y)-p(t) [6].
Ww (x=y) w(0)-u(t)
< max{p ()u (W3- 1) [71.
- w(0)-u(t)
=max HEI-r®) pGI-p® [8].
w0)-1(®), 1w (-u (0 }

=max { p (X), pn (y)}
Therefore (X —y) = max{p" x), u* (y) }
Forany x,y,z e X.

B. M. Schein, Difference semigroups, Comm. Algebra 20
(1992), no. 8, 2153-2169.

L.A.Zadeh ,Fuzzy sets, information and control 8 (1965) 338-
353

B. Zelinka, Subtraction semigroups, Math. Bohem. 120 (1995),
no. 4, 445-447.

* _ uxyz)-pu(d)
Xyz ) = —/————=
w(xyz) wu(0)-u ()
< max{yu ()u(2)}-p (@)
- u(0)- p (t)

= max IL@C)—#("),#(Z)—ﬂ(t)
(0)-u @), wn(-pu®)
=max { | (X), 1 (2)}

Therefore p*( xyz ) > max{p" (x), u* (2) }

Hence p” is an anti- fuzzy bi-ideal of X.

Also p* (0) =£@-£® _ 1 s normal.
so u” (0) O H

Sincete Xand pu” (t) :% -0
u(0)-u
We have p” is a complete anti-fuzzy bi-ideal on X.

Theorem:3.24
Let p be an anti-fuzzy bi-ideal of a near subtraction
semigroup X, and let
f: [0, u(0)] —[0, 1] be an increasing function.“Then the
fuzzy set
p(x)=f(p(x))isaanti-fuzzy bi-ideal of X<In particular,if
fl W(0)] =1 then p ¢ is normal and if f (t) = tforallt e[ 0, n
(0)] then p < s,
Proof:
Forany X,y e X.
(Dur (x=y)=f(p(x-y))
< f(max { px)spn (¥}
=max { f (LX), (1) }
=max { ur(x), pur (V) }
sopr(X—y) < max { pr(X), ur (Y)}
For any X, y, zeX.
(iur (xy2)=£(n(x y 2))
<f(max { p(x), n(2)})
=max { f(L(x), f(n(2)}
= max {" ps(X) 5 pr (2) }
~ ur (xyz) < max { p(X), pr(2) }
Hence ps is a anti-fuzzy bi-ideal of X.
If f[u0)]=1thenpu¢(0)=1.
Thus pr is normal .Assume that
f(t)=f[ux)]=p ), forany X € X which implies p € us
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